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SELF-INJECTIVE VON NEUMANN REGULAR RINGS AND
KO¨THE’S CONJECTURE
PETER KA´LNAI AND JAN ZˇEMLICˇKA
Abstract. One of the many equivalent formulation of the Ko¨the’s conjecture
is the assertion that there exists no ring which contains two nil right ideals
whose sum is not nil. We discuss several consequences of an observation that
if the Koethe conjecture fails then there exists a counterexample in the form
of a countable local subring of a suitable self-injective prime (von Neumann)
regular ring.
In the famous paper [8], Gottfried Ko¨the asked whether a ring with no non-zero
two-sided nil ideal necessarily contains no non-zero one-sided nil ideal. The affir-
mative answer to this question is usually referred as Ko¨the’s Conjecture. Despite
of plenty established equivalent reformulations and many known particular classes
of rings satisfying the conjecture, a general answer on this question is not known.
The original formulation and most famous translations of Ko¨the’s Conjecture use
the language of associative rings without unit. Recall several of them [10, 16, 5]
(see also [14, 15, 17]):
• the matrix ring Mn(R) is nil for every nil ring R,
• R[x] is Jacobson radical for every nil ring R,
• R[x] is not left primitive for every nil ring R,
• every ring which is a sum of a nilpotent subring and a nil subring is nil.
The present paper deals with its characterization in terms of unital rings, namely,
we say that a (unital associative) ring satisfies the condition (NK) if it contains two
nil right ideals whose sum is not nil. Ko¨the’s Conjecture is then equivalent to the
property that there exists no ring satisfying the condition (NK) [11, 10.28]. Recall
that the conjecture holds for all right Noetherian rings [11, 10.30], PI-rings [3] and
rings with right Krull dimension [12].
The main goal of this text is to translate properties of a potential counterexample
for Ko¨the’s Conjecture to a certain structural question about simple self-injective
Von Neumann regular rings. Our main result, Theorem 2.3, shows that existence
of a ring satisfying (NK) implies existence of a countable local ring satisfying (NK)
which is a subring of a self-injective simple VNR ring either Type IIf or Type III.
As it was said, all rings in this paper are supposed to be associative with unit.
An ideal means a two-sided ideal and C-algebra is any ring R with a subring C
contained in the center of R. A (right) ideal I is called nil whenever all elements
a ∈ I are nilpotent, i.e. there exists n such that an = 0. A ring R is said to be Von
Neumann regular (VNR) if for every x ∈ R there exists y ∈ R such that x = xyx.
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A VNR ring is called abelian regular provided all its idempotents are central. the
Jacobson ideal of a ring R will be denoted by J(R).
For non-explain terminology we refer to [6] and [18].
1. Algebras over Q and Zp
Let R be a ring, a ∈ R, and I an ideal. The element a is said to be nilpotent
modulo I provided there exists n such that an ∈ I, and a is principally nilpotent
provided that the right ideal aR is nil. Note that then also the left ideal generated
by a is nil, a is an element of the Jacobson ideal and each αaβ ∈ R is principally
nilpotent as well for every α, β ∈ R. We say that a is a minimal non-nilpotent
element of R if a is not nilpotent and a is nilpotent modulo J for every non-zero
ideal J . It is easy to see that a ring satisfies (NK) if there exist two principally
nilpotent elements whose sum is not nilpotent.
Example 1.1. For every non-nilpotent element a of a commutative ring R there
exists a prime ideal P , which is exactly a maximal ideal disjoint with the set {an |
n ∈ N}, such that a + P is a minimal non-nilpotent element of the commutative
domain R/P .
First, we make two elementary observations on generators of algebras satisfying
(NK) and on the existence of minimal non-nilpotent elements:
Lemma 1.2. Let R be a C-algebra satisfying the condition (NK). Then there exists
a C-subalgebra S of R generated by two elements x, y such that both x and y are
principally nilpotent in S, but x+ y is not nilpotent.
Proof. Since there exist two nil right ideals K and L of R such that K + L is not
nil, there exists elements x ∈ K and y ∈ L such that x + y is not nilpotent. If
S denotes a C-subalgebra of R generated by {x, y}, then xS and yS are nil right
ideals, as xS ⊆ xR and yS ⊆ yR.
The classical commutative construction of Example 1.1 can be easily generalized
in non-commutative setting.
Lemma 1.3. Let R be a ring and a ∈ R. If a is not nilpotent, then there exists a
prime ideal I such that a+ I is a minimal non-nilpotent element of the factor ring
R/I.
Proof. Let us take a maximal ideal I that does not contain any power of a, which
exists by Zorn’s Lemma. Obviously a is not nilpotent modulo I and it is nilpotent
modulo J for every ideal J ⊃ I. Since for any ideals U and V such that I ⊂ U, V
there exist m,n ∈ N satisfying am ∈ U and an ∈ V , hence am+n ∈ UV . Now, it is
clear that UV 6⊆ I, thus I is a prime ideal.
As the consequence we can easily see that, if the class of all algebras over a
field satisfying the (NK) condition is non-empty, then we can choose countably-
dimensional one:
Corollary 1.4. If F is a field and R is an F -algebra which satisfies (NK), then
there exists an F -subalgebra A of R satisfying (NK) such that dimF (A) ≤ ω.
Recall that the fact that the Jacobson radical of a countably-dimensional algebra
over an uncountable field is nil implies that there is no F -algebra satisfying (NK)
over uncountable field F [1, Corollary 4]. It implies that for search of algebras
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over a field satisfying (NK) we can restrict our attention just to countable fields
and to algebras of countable cardinality. Nevertheless, we will show below that
it is enough to research existence of general rings satisfying (NK) in the class of
countable generated algebras either over the field of rational numbers or over field
Zp for a prime number p.
Lemma 1.5. Let R be a C-algebra generated by two principally nilpotent elements
x, y such that x+y is not nilpotent. Then there exits a prime ring S satisfying (NK)
and a surjective ring homomorphism pi : R → S such that pi(C) is a commutative
domain, S is a pi(C)-algebra generated by principally nilpotent elements pi(x), pi(y)
contained in J (S), and pi(x) + pi(y) is a minimal non-nilpotent element.
Proof. Let I be a prime ideal such that x+y+I is a minimal non-nilpotent element
of the factor ring R/I which exists by Lemma 1.3. Put S = R/I and denote by pi
the canonical projection R → S. Then pi(C) ∼= C/C ∩ I is a commutative domain
and pi(x), pi(y) generates S as a pi(C)-algebra. Obviously, pi(x)+pi(y) = x+ y+ I is
a minimal non-nilpotent by the construction and homomorphic images of nil right
ideals pi(xR) = pi(x)S, pi(yR) = pi(y)S are nil.
Given a ring R, we denote by CR the subring generated by the unit of R. Since
CR is isomorphic either to Z or to Zn for an integer n ∈ N and R has the natural
structure of a CR-algebra, we obtain the following immediate consequence of the
Lemmas 1.2, 1.5:
Corollary 1.6. If there exists a ring satisfying (NK), then there exists an algebra
over either Z or Zp for some prime number p ∈ N generated by two principally
nilpotent elements which satisfies (NK).
Before we formulate claim that we can deal with Q-algebras instead of Z-algebras
we make the following easy observation:
Lemma 1.7. Let F be a field and R be an F -algebra generated by two principally
nilpotent elements x, y such that x + y is not nilpotent. Then R is a local ring
satisfying (NK) with J (R) = xR+ yR = Rx+Ry .
Proof. Since x and y are principally nilpotent, xR + yR ⊆ J (R) and Rx + Ry ⊆
J (R). Observe that R = F+xR+yR = F+Rx+Ry which implies R/(xR+yR) ∼=
F , hence J (R) ⊆ xR + yR and J (R) ⊆ Rx+Ry.
Proposition 1.8. Let R be a ring satisfying (NK). Then there exists a subring S
of R generated by two elements ξ, υ, a prime F -algebra A and an epimorphism of
rings ϕ : S → A such that the following conditions hold for elements x = ϕ(ξ) and
y = ϕ(υ):
(K1) either F = Q or F = Zp where p is a prime number,
(K2) x and y are principally nilpotent generators of A, and x + y is a minimal
non-nilpotent element,
(K3) xA + yA = J (A) is the unique maximal right (left) ideal of A.
The F -algebra A satisfies (NK) and if R is a PI-algebra then A can be taken as a
PI-algebra.
Proof. Since R has a structure of CR-algebra, we can take a subring S generated by
principally nilpotent elements ξ, υ such that ξ+υ is not nilpotent which is ensured
by Lemma 1.2. Moreover, CR = CS and we may suppose that ξ + υ is a minimal
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non-nilpotent element and CS ∼= Z or CS ∼= Zp by Lemma 1.7. For each integer
p ∈ N let µp : S → S be the S-endomorphism induced by multiplication by p and
note that ker(µp) is an ideal for an arbitrary p.
First, suppose that there exists a prime number p such that ker(µp) 6= 0. Since
ξ+ υ is minimal non-nilpotent, it follows by the hypothesis that there exists n ∈ N
for which (ξ + υ)n ∈ ker(µp), i.e. p(ξ + υ)
n = 0. Put
x′ = ξ(ξ + υ)n, y′ = υ(ξ + υ)n ∈ ker(µp),
and denote by S′ a CS-subalgebra of S generated by {x
′, y′}. Since px′ = 0 = py′
and p is not an invertible element, we get that pS′ = pCS 6= CS , hence CS/pCS ∼=
Zp and we may identify CS/pCS and Zp. Furthermore, assume that (x
′+y′)k ∈ pS′
for some k. Then there exists c ∈ CS such that (x
′ + y′)k = pc because pS′ = pCS ,
and so
0 6= (ξ + υ)2k(n+1) = (x′ + y′)2k = (pc)2 = p(x′ + y′)kc = 0,
a contradiction. Hence (x′+y′)k /∈ pS′ for all k. Note that S′/pS′ is a Zp-algebra (in
fact CS/pCS-algebra) generated by principally nilpotent elements x
′+pS′ and y′+
pS′ with non-nilpotent x′+y′+pS′. So there exists a prime factor of S′/pS′, denote
it by A, which is a Zp-algebra satisfying (K2) by Lemma 1.5. Obviously, S
′/pS′
satisfies also (K3) by Lemma 1.7. Because the naturally constructed homomorphism
ϕ : S → A is a composition of surjective homomorphisms, it is an epimorphism.
Now, suppose that ker(µp) = 0 for all primes p, hence SZ is a torsion-free abelian
group. Denote by E(SZ) the injective envelope of SZ as a Z-module. Since every
endomorphism of SZ can be extended to an endomorphism of E(SZ) and multipli-
cation by each element of S can be viewed as an endomorphism of SZ, there exist
x, y ∈ EndZ(E(SZ)) such that x(s) = ξ · s and y(s) = υ · s for every s ∈ S. As SZ is
torsion-free, EndZ(E(SZ)) has a natural structure of a Q-algebra. Let us denote by
A its Z-subalgebra generated by x and y, by A its Q-subalgebra generated by x and
y and by i : A→ A the inclusion homomorphism. Note that a map ψ : A→ S de-
fined by the rule ψ(α) = α(1) provides correctly defined isomorphism of Z-algebras
such that ψ(x) = ξ and ψ(y) = υ. Furthermore, A can be taken as prime by
Lemma 1.5 and it is easy to see that i ◦ ψ−1 : S → A is a ring epimorphism.
Finally, if r ∈ A, there exists m ∈ Z \ {0} for which rm ∈ A which implies that
there is k ∈ N such that mk(xr)k = (xrm)k = 0. As EndZ(E(SZ)) is a torsion-free
abelian group, (xr)k = 0 which shows that x is a principal nilpotent element. The
same argument applied on y proves that y is principal nilpotent as well. Now A is
Q-algebra satisfying (K2) and (K3) again by Lemmas 1.5 and 1.7.
To prove the addendum, suppose that R is a PI-ring and note that the class of
PI-algebras is closed under taking subrings and factor rings. Thus F -algebras A
are PI-algebras for finite fields F . If F = Q we can see that A ∼= Q ⊗ A which is
polynomial by [19, Theorem 6.1].
The previous claim easily allows to restrict reformulation of Ko¨the’s Conjecture
due to Krempa [10, Theorem 6] just to fields Q and Zp:
Corollary 1.9. Ko¨the’s Conjecture holds if and only if there is no countable gen-
erated F -algebra satisfying (NK) for either F = Q or F = Zp where p is a prime
number.
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Applying an old Amitsur’s result we can reprove a well-known fact that PI-rings
satisfies Ko¨the’s Conjecture. Let us first state a general result by Braun extending
previous works in [13, 9].
Fact 1.10. [3, Theorem 5] The Jacobson radical of a finitely generated PI-algebra
over a Noetherian commutative ring is nilpotent.
Proposition 1.11. There is no PI-ring satisfying (NK).
Proof. Let us assume that R is a PI-ring satisfying (NK). Then by Proposition 1.8
there exists a 2-generated PI-algebra A over a field F with the Jacobson radical of
A not nil, hence we get a contradiction with Fact 1.10.
Since an algebra over a field is easily embeddable into a VNR ring, we are able
to find a prime VNR extension of algebras constructed in Proposition 1.8.
Lemma 1.12. An algebra A satisfying the conditions (K1)–(K3) from Proposi-
tion 1.8 is embeddable into a countable prime VNR ring R such that J ∩A 6= 0 for
each nonzero ideal J of R.
Proof. As A is an algebra over a field F , there exists a canonical embedding ν of
A into the endomorphism ring EndF (A). Note that EndF (A) is a VNR F -algebra
and for each x ∈ EndF (A) fix an element yx such that xyxx = x. Now we will
construct by induction a chain of subrings R′i ⊂ R
′
i+1 ⊂ · · · ⊂ EndF (A). We put
R′1 = ν(A) and if R
′
i is defined, R
′
i+1 is an F -subalgebra of EndF (A) generated
by the set R′i ∪ {yx | x ∈ R
′
i}. Then R
′ =
⋃
i∈NR
′
i is a countable VNR F -algebra
containing ν(A) ≃ A as an F -subalgebra.
Fix a maximal idealM of R′ such thatM∩A = 0. Then the map a→ a+M,a ∈
A induces an embedding of A into a countable VNR ring R′/M . We may identify
A with the image of the embedding. Note that if I, J are two nonzero ideals of
R′/M , then the intersection I ∩A resp. J ∩A forms a nonzero ideal of A. Since A
is prime, 0 6= (I ∩A)(J ∩A) ⊂ IJ , hence R := R′/M is prime too.
We finish the section with an important observation about nil ideals due to
Herstein and Small [7]:
Lemma 1.13. If a ring Q satisfies (ACC) on right and left annihilators and R is
a subring of Q, then every nil right ideal of R is nilpotent.
Proof. Since any nil right ideal of R forms a nil subring of Q as a ring without unit,
the result follows immediately from in [7, Theorem 1].
2. Self-injective VNR rings
Before we present a construction of simple self-injective VNR rings containing
rings satisfying (NK), we need to recall several notions and structural results con-
cerning self-injective VNR rings.
Let R be a VNR ring. An idempotent e is called abelian if the ring eRe is abelian
regular and e is directly finite if the ring eRe is directly finite [6, p.110], i.e. xy = 1
implies yx = 1 for all x, y ∈ eRe. A self-injective VNR ring R is purely infinite if
it contains no nonzero directly finite central idempotent and it is
• Type I if every nonzero right ideal contains a nonzero abelian idempotent
[6, 10.4],
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• Type II if every nonzero right ideal contains a nonzero directly finite idem-
potent [6, 10.8],
• Type III if it contains no nonzero directly finite idempotent.
Moreover, R is Type If (Type IIf ) provided it is Type I (Type II) and directly
finite. Next, R is Type I∞ (Type II∞) if it is Type I (Type II) and purely infinite.
Recall the structural decomposition of self-injective VNR rings:
Fact 2.1. [6, Theorem 10.22] Every self-injective VNR ring is uniquely a direct
product of rings Type T = If , I∞, IIf , II∞, and III. In particular, each prime
self-injective VNR ring is exactly one type from T .
Let R be a right self-injective VNR ring. Define a function µ on non-singular
injective right R-modules as follows: for an injective non-singular module M , if
there exists a non-zero central idempotent e such that Me = 0, then µ(M) = 0.
Otherwise set µ(M) to be the smallest infinite cardinal α such that Me does not
contain a direct sum of α nonzero pairwise isomorphic submodules for some non-
zero central idempotent e [6, p.143]. If R is moreover prime and α is a cardinal,
then we set
H(α) := {r ∈ R | µ(rR) ≤ α}
Fact 2.2. [6, Corollary 12.22] Let R be a prime, right self-injective VNR ring either
Type I or Type II. Then the rule α → H(α) defines a lattice isomorphism between
the lattice of non-zero two-sided ideals and the cardinal interval [ω, µ(R)].
Theorem 2.3. If there is a ring satisfying (NK) then there exists a countable local
subring of a suitable self-injective simple VNR ring of type either IIf or III that
also satisfies (NK).
Proof. Let A be a prime F -algebra over a field F with two principally nilpotent
generators x and y satisfying the conditions (K1)–(K3), which exists by Proposi-
tion 1.8, let us denote by x = ϕ(ξ) and y = ϕ(υ) are images of the constructed
epimorphism ϕ from the proposition where x+y is a minimal non-nilpotent element.
Let R be a countable prime VNR ring extension of A ensured by Lemma 1.12. De-
note by Q := Qmax(R) the maximal right ring of quotients of R. Let I, J ⊆ Q be
two non-zero ideals of Q. Since R is essential in QR by [18, Corollary 2.3] and both
I, J are right R-submodules of Q, then 0 6= (I ∩R)(J ∩R) ⊆ IJ by Lemma 1.12,
hence Q is prime. By Fact 2.1 we get that Q is exactly one of type from T .
Assume that Q is Type If . Then it is (right and left) Artinian by [6, Corollary
10.3], which implies that Q satisfies (ACC) on right and left annihilators. Hence
the nil ideal J(A) of A is nilpotent, a contradiction.
Suppose that Q is of type I∞ or II∞. Note that Q does not contain any un-
countable direct sum of right ideals since QR is an essential extension of a count-
able ring R, i.e. µ(QQ) ≤ ω1. Moreover, it is purely infinite, so by [6, Theorem
10.16](a)→(d), QQ contains a countably generated free submodule which yields
µ(QQ) > ω, thus µ(QQ) = ω1. By Fact 2.2 (cf. also [4, Theorem 7.3]), Q con-
tains exactly one nontrivial ideal H(ω). As I = H(ω) ∩ A is a nonzero ideal of
A by Lemma 1.12 and x + y is a minimal non-nilpotent element of A by the con-
dition (K2) of Proposition 1.8, there exists n ∈ N such that (x + y)n ∈ I. Also
(x + y)nx, (x + y)ny ∈ (x + y)nQ = eQ ∩ I for an idempotent e ∈ H(ω). Put
ξ := (x+ y)nx, υ := (x+ y)ny and let B denote the F -subalgebra of eQe generated
by elements ξe and υe and B˜ denote the F -subalgebra of Q generated by elements
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ξ and υ. We claim that the elements ξe and υe are principally nilpotent in B and
that ξe + υe is not nilpotent, hence B satisfies (NK).
Indeed, since B˜ ⊆ eQ+ F , we can see that B˜ = eB˜ + F and so B = B˜e = eB˜e.
Hence every element from the right ideal (ξe)B of B has the form ξb˜e for some
element b˜ ∈ B˜. Because ξ and υ are principally nilpotent in A, so in B˜ as well,
there exists k ∈ N such that
(
ξb˜
)k
= 0. As eξe = ξe we get
(
ξb˜e
)k
=
(
ξb˜
)k
e = 0.
This proves that ξe is a principally nilpotent element. The argument for υe is the
same. Finally, (ξe + υe)k = (x + y)k(n+1)ek 6= 0 because (x + y)k(n+1)ek(x + y) =
(x+ y)k(n+1)+1 6= 0.
Since zQ is a direct summand of an injective module QQ, it is directly finite for
any z ∈ H(ω) by [6, Proposition 5.7]. Thus eQe ≃ EndQ(eQ) is directly finite by
[6, Lemma 5.1] and right self-injective by [6, Corollary 9.3]. Clearly, eQe is prime
and it contains the subalgebra B which is local and satisfies the condition (NK) by
Lemma 1.7.
Recall from the initial part of the proof that eQe can not be Type If . So we
have proved that there exists a prime right self-injective VNR ring eQe being Type
either IIf or III which contains a local ring satisfying (NK). Finally note that if Q
is Type IIf , then it is simple by [6, Proposition 9.26] and, if Q is Type III then it
is simple by [6, Theorem 12.21].
Observe that a non-Artinian self-injective simple VNR ring either Type IIf or
Type III is necessarily uncountable because it contains an infinite set of orthogonal
idempotents.
We conclude the paper by examples of self-injective simple VNR rings Type IIf
or III:
Example 2.4. Let F be a field and U be a non-principal ultrafilter on N. Put R =∏
n∈NMn(F ) and I = {r ∈ R | (∃U ∈ U)(∀i ∈ U)pii(r) = 0} where pii : R→Mi(F )
denotes the natural projection. Then I is a maximal ideal of R, hence R/I forms
a simple self-injective VNR ring Type IIf by [6, Theorem 10.27].
Example 2.5. [6, Example 10.11] Let F be a field, Q = EndF (F
(ω)) andM = {x ∈
Q | dimF (xF
(ω)) < ω}. Then Q/M is a simple VNR ring. If R is the maximal
right ring of quotients of Q/M then R is a simple self-injective VNR ring Type III.
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